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Neutrino oscillations data indicates that neutrino mixings are consistent with an apparent νµ−ντ
exchange symmetry in neutrino mass matrix. We observe that in the mininimally extended standard
model with the see-saw mechanism, one can impose µ ↔ τ symmetry at the tree level on all
Lagrangian terms, but for the mass difference among µ and τ leptons. In the absence of any new
extra physics, this mass difference becomes the only source for the breaking of such a symmetry,
which induces, via quantum corrections, small but predictable values for θ13, and for the deviation
of θATM from maximallity. In the CP conserving case, the predictions only depend on neutrino
mass hierarchy and may provide a unique way to test for new physics with neutrino experiments.
PACS numbers: 14.60.Pq,12.60.-i,11.30.Fs
I. INTRODUCTION
Convincing evidence that neutrinos have mass and os-
cillate has been provided along recent years by neutrino
oscillation experiments [1]. In the standard framework,
only three weak neutrino species, νe; νµ and ντ , are
needed to consistently describe the experimental results,
with the addition of neutrino masses and mixings as new
parameters to the standard model. Central idea is that
neutrino mass eigenstates, ν1,2,3, and weak eigenstates
are different, but they can be written as linear combina-
tions of each other by using a complex unitary matrix, U ,
as νℓ =
∑
i Uℓiνi, for ℓ = e, µ, τ and i = 1, 2, 3, where we
refer only to left handed states. A common parameter-
ization for Majorana neutrinos of the U matrix is given
in terms of three angles and three CP phases, such that
U = VK, where K = diag{1, eiφ1, eiφ2}, with φ1, φ2 the
physical CP-odd Majorana phases, and the elements of
the V mixing matrix parameterized as [2]
V =

 c12c13 s12c13 z∗−s12c23 − c12s23z c12c23 − s12s23z s23c13
s12s23 − c12c23z −c12s23 − s12c23z c23c13

 ;
where cij and sij stand for cos θij and sin θij respectively
and z = s13e
iϕ. The kinematical scales for the oscillation,
on the other hand, are given by the two mass squared dif-
ferences: the solar/KamLAND scale ∆m2⊙ = ∆m
2
12; and
the atmospheric scale ∆m2ATM = |∆m23|2 ≈ |∆m13|2.
Combined analysis of all data [1] indicates that at two
sigma level ∆m2⊙ = 7.6
+0.5
−0.3 × 10−5 eV2; ∆m2ATM =
2.4 ± 0.3 × 10−3 eV2, whereas sin2 θ12 = 0.32 +0.05−0.04,
sin2 θATM = sin
2 θ23 = 0.5
+0.13
−0.12, and sin
2 θ13 ≤ 0.033.
Thus, data is consistent with θ13 ≈ 0, and θATM ≈ π/4,
which makes the Dirac CP phase, ϕ, hard to be mea-
sured. Current and new experiments on neutrino physics
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will explore how small and how maximal, respectively,
these mixing are [3], down to the level of few times 10−2.
Since the standard model was built on the assump-
tion of zero neutrino masses, a fundamental question at
this point is whether neutrino mass imply the existence
of new physics, and what such physics would be. The
answer, however, is not yet conclusive. It is possible to
minimally extend the model by only adding three singlet
right handed neutrinos, Ni, to implement the see-saw
mechanism [4, 5], and accommodate data, without relay-
ing in any new extra ingredient. This makes, however,
the identification of any new extra physics from low en-
ergy phenomenology a difficult task. Above picture ex-
plains very well the smallness of neutrino masses, but
provides no understanding for the mixings. To provide
such understanding, one usually is led to invoke theoret-
ical arguments, and many ideas exist nowadays in the
literature.
It has already been observed that, in the limit with a
null θ13 and a maximal θATM , and on the basis where
charge lepton masses are diagonal, the reconstructed
neutrino see-saw mass matrix, Mℓℓ′ =
∑3
i=1 U
∗
ℓimiUℓ′i,
posses a νµ−ντ exchange symmetry [6]. This has inspired
a large number of theoretical studies [7]. Remarkably, im-
posing the suggested µ↔ τ symmetry is very well possi-
ble within the minimal see-saw extension of the standard
model, and it is our goal to show that the simplest real-
ization of this idea provides a perfectly falsifyable model,
with specific predictions that can easily be proved wrong
by future neutrino data. Our findings, however, would
show that with these minimal ingredients the prediction
for both θ13, and the deviation of θATM from maximallity
are rather much smaller than the forthcoming experimen-
tal sensitivities. Nevertheless, there is positive outcome,
our results stablish a comparative point of reference such
as to take any possible measurement of a non zero value
for those mixing parameters in near future experiments
as clear indications for the existence of new physics.
It is not difficult to see that µ ↔ τ is already a flavor
symmetry in the standard model, but for the charged
lepton mass terms, where clearly mτ 6= mµ. Thus, we
2propose to treat µ ↔ τ as a softly broken symmetry of
the minimal see-saw model. Therefore, at tree level, all
physics not directly related to mµ,τ would be described
by the symmetric limit, allowing us to fix the free param-
eters of the model at low energy. Nevertheless, quantum
corrections shall communicate the symmetry breaking to
the neutrino sector [8]. In particular, one loop corrections
will already produce small deviations to θATM from π/4,
and a non zero θ13. Because the model has not extra
unknown ingredients, one can make definite predictions
for these physical observables in terms of symmetric level
results. Those are the main points we want to discuss in
what follows.
II. THE MINIMAL µ↔ τ MODEL
The model we will explore considers, first, the mini-
mal see-saw extension that includes three right handed
neutrinos, with all additional Lagrangian terms that are
consistent with the standard model symmetries,
hℓL¯ℓHℓR + yℓℓ′L¯ℓH˜Nℓ′ + (h.c.) + (MR)ℓℓ′N¯
c
ℓNℓ′ , (1)
where sum over indices should be understood. Here, Lℓ
stands for the standard lepton doublets and H for the
Higgs field. In order to implement µ ↔ τ symmetry in
a meaningful way, we have chosen to work in the basis
where the charge lepton Yukawa couplings, and so their
masses, are diagonal and real. Also, we have chosen right
handed neutrinos to carry lepton number, and properly
identified the index. It is worth mentioning that if Ni6=ℓ
were not subjected to µ ↔ τ symmetry, as defined be-
low, then, neutrino Yukawa couplings would became such
that yµ i = yτ i, under µ↔ τ symmetry, regardless of the
chosen basis for Ni. Following this implied degeneracy
of second and third rows on the Dirac mass matrix, the
left handed massless neutrino state ν′ = (νµ − ντ )/
√
2
arises. Clearly, this corresponds to the third mass eigen-
state in an inverted hierarchy scenario (similar results
were recently found in Ref. [9]).
Next, to realize the symmetry, we require both Yukawa
couplings and Majorana mass matrix to be invariant un-
der µ↔ τ exchange: Lµ ↔ Lτ ; µR ↔ τR; and Nµ ↔ Nτ .
One can then proceed with the diagonalization of the
Mass matrices. However, the analysis for the low energy
phenomenology is simplified by first implementing the
see-saw mechanism, and observing that µ ↔ τ symme-
try also holds for the effective left handed neutrino mass
matrix,M = −mDM−1R mTD, with mD the Dirac neutrino
mass matrix. Here, the symmetry expresses itself by two
simple conditions on matrix elements: Meµ = Meτ and
Mµµ = Mττ . Thus, the most general tree level form for
M should be
M =Mµ↔τ =

 m
0
ee m
0
eµ m
0
eµ
m0eµ m
0
µµ m
0
µτ
m0eµ m
0
µτ m
0
µµ

 . (2)
Diagonalization of such a mass matrix is rather simple.
We find the mass eigenvalues:
m1 = m
0
ee −
√
2 tan θ12m
0
eµ ;
m2 = m
0
ee +
√
2 cot θ12m
0
eµ ;
m3 = m
0
µµ −m0µτ , (3)
and get for the mixing angles θATM = π/4, and θ13 = 0,
whereas the solar mixing angle is given by
tan 2θ12 =
√
8m0eµ
m0µµ +m
0
µτ −m0ee
, (4)
Since sin θ13 = 0, the Dirac CP phase, ϕ, gets undefined.
Thus, in this model only the two CP Majorana phases
may exist at the symmetric limit. To keep our present
discussion simple, we will assume them to be zero along
the analysis, and so we shall take all mass parameters in
Eq. (2) to be real. The analysis including CP phases will
be presented elsewhere.
It is worth noticing that the see-saw mass matrix in
Eq. (2) is described by only four parameters, which can
be entirely fixed by the following four low energy observ-
ables: the solar mixing (θ12), the mass hierarchy (m3),
solar scale ∆m2⊙ = m
2
2 −m21, and the atmospheric scale
that we can take as ∆m2ATM =
1
2
|∆m213 + ∆m223|. Of
course, extra parameters yet exist for the whole the-
ory [see Eq. (1)]. They belong to the high energy right
handed neutrino sector and cannot be fixed from these
results. However, as we will show below, those parame-
ters will not be required to make further predictions for
the low energy physics.
III. SOFT BREAKING OF µ↔ τ SYMMETRY
Exact µ↔ τ symmetry would also imply that hµ = hτ ,
which gives the wrong result mµ = mτ . This is the only
place where the symmetry is being explicitely broken.
Henceforth, we will take hµ 6= hτ , a choice that of course
respects all gauge symmetries, and by definition it is ex-
pected to be valid at any energy. We shall not assume
any dynamical origin for such a difference on the Yukawa
couplings in order to keep the model truly minimal. No-
tice that, as a matter of fact, all leptonic kinetic terms
in the standard model, iL¯ℓγ
µDµLLℓ+ iℓ¯Rγ
µDµRℓR with
DµL,R the corresponding covariant derivatives, are invari-
ant under µ ↔ τ exchange due to the universality of
gauge interactions. In contrast, out of the Lagrangian
terms given in Eq. (1), the charged lepton Yukawa cou-
plings now have the form
heL¯eHeR + hµL¯τHµR + (hµ + δh)L¯τHτR + h.c. , (5)
whereas all other terms remain symmetric. Therefore,
the whole tree level Lagrangian of the model can be writ-
ten as L = Lµ↔τ + (δhL¯τHτR + h.c.). Here, Lµ↔τ con-
tains all symmetric terms, whereas the last term will gen-
3erate the mass term δm τ¯τ , upon standard gauge symme-
try breaking. The last can be seen as a soft term whose
role is to correct the mass of the tau lepton.
The breaking down of µ↔ τ symmetry will be commu-
nicated to all other sectors of the model via weak inter-
actions [8]. Particularly, after including one-loop quan-
tum corrections, muon-tau mass difference will generate a
splitting in the symmetry conditions of the see-saw mass
matrix, such that one should rather haveMeτ 6=Meµ and
Mττ 6= Mµµ, where the departure would be expected to
be small due to the W mass supressions, but calculable
(see Ref. [10] for a general analysis of quantum correc-
tions onMν). Notice that our calculation will be done at
the low scale where observable neutrino mass parameters
are being measured. No running from renormalization
group equations is included, which is also known to pro-
duce very mild effects on the mixings that concern us here
(for related works considering renormalization group cor-
rections on neutrino mixings see for instance references
in [11, 12]). As a matter of fact, at one loop order it is
easy to see that the only diagram contributing to neu-
trino mass corrections which is not µ ↔ τ invariant is
the one given in Fig. 1, which explicitely involves the
exchange of charge leptons through W couplings. The
violation of the symmetry conditions would imply both,
a non zero value for θ13 and the departure of θATM from
maximal, which as we will show next are completely pre-
dictable and correlated.
νℓ νℓℓ
W
FIG. 1: 1-loop diagram that communicates the breaking of
µ↔ τ symmetry to neutrino mass matrix
Therefore, after including one loop corrections the neu-
trino mass matrix gets the more general form
M =

 mee meµ meτmeµ mµµ mµτ
meτ mµτ mττ

 , (6)
which is now written in terms of the corrected mass pa-
rameters given by mℓℓ′ = m
0
ℓℓ′ + Iℓℓ′′m
0
ℓ′′ℓ′ + m
0
ℓℓ′′Iℓ′′ℓ′ ,
with Iℓℓ′ the one loop finite contributions to mass terms
that come from all possible one loop diagrams. The for-
mer matrix can be written as M = Mµ↔τ + δM where
the symmetric part, Mµ↔τ has a similar parameteriza-
tion as in Eq. (2), although now in terms of corrected
masses. On the other hand δM encodes the only two
symmetry breaking conditions, that at the lower order
are respectively given by δMeτ ≡ meτ −meµ ≈ m0eµ∆I,
and δMττ ≡ mττ −mµµ ≈ 2m0µµ∆I, where ∆I ≡ Iτ −Iµ
with Iℓ the one loop contributions obtained from the di-
agram in Fig. 1 for the corresponding charged lepton ℓ.
A quite lengthy calculation shows that
∆I ≈ 3g
2
W
32π2
[(
mτ
MW
)2
ln
(
mτ
MW
)
− (τ → µ)
]
, (7)
which gives ∆I ≈ −7.68× 10−6.
Due to the smallness of ∆I, the neutrino mass matrix
in Eq. (6) can be diagonalized considering expressions up
to linear order corrections in ∆I. Interestingly enough,
the effect on neutrino masses and solar mixing enters as
a slight modification of previous formulas that consists
on the sole replacing of meµ and mµµ by the average
values meµ =
1
2
(meµ +meτ ), and mµµ =
1
2
(mµµ +mττ ),
respectively, in Eqs.(3) and (4), such that we now get
m1 ≈ mee −
√
2 tan θ12meµ ;
m2 ≈ mee +
√
2 cot θ12meµ ;
m3 ≈ mµµ −mµτ ,
tan 2θ12 ≈
√
8meµ
mµµ +mµτ −mee . (8)
As already observed, one can invert these equations to
express the involved neutrino mass parameters in terms
of neutrino observables and m3 as the hierarchy pa-
rameter, by using |m1| ≈
√
m23 ∓∆m2ATM − 12∆m2⊙,
and |m2| ≈
√
m23 ∓∆m2ATM + 12∆m2⊙, where the minus
(plus) sign corresponds to normal (inverted) hierarchy.
After some algebra one gets
mee ≈ m1 cos2 θ12 +m2 sin2 θ12 ;
meµ ≈ 1√
8
sin 2θ12 (m2 −m1) ;
mµµ ≈ 1
2
(m1 sin
2 θ12 +m2 cos
2 θ12 +m3) ;
mµτ ≈ 1
2
(m1 sin
2 θ12 +m2 cos
2 θ12 −m3) . (9)
Next, we get the following predictions for other mix-
ings, at the lower order,
sin θ13 ≈ −∆I√
2
(
m3meµ
meµ
2 +mµτ m∗
)
(10)
with m∗ = m3 −mee, and
sinα =
∆I
2
(
meµ
2 +mµµm∗
meµ
2 +mµτ m∗
)
(11)
for the deviation of θATM from maximality, where we
have defined α = θATM−π/4. In those formulas we have
conveniently approximatedm0eµ ≈ meµ, andm0µµ ≈ mµµ,
by using the tree level formulas in Eqs. (3) and (4), and
comparing them with Eqs. (8). Thus, by committing an
small error of order ∼ (∆I)2, this approach allows us
to express sin θ13 and sinα in terms of all the tree level
4quantities obtained from neutrino low energy observables
given in Eq. (9). Predicted values, however, depend not
only on the hierarchy but also on the relative signs among
the mass eigenvalues. This becomes clear if we study, for
instance, the expressions (10) and (11) in the limit of
almost degenerate neutrinos, for which the relative sign
among m1 and m2 may enhance or suppress the contri-
bution of meµ. These are our findings:
First, we get the approximated formulas
sin θ13 ≈ A · m
2
3 sin 2θ12
∆m2ATM
∆I ,
sinα ≈ ∓B · 2m
2
3
∆m2ATM
∆I , (12)
where A and B coefficients are given as
(i) A = ∆m2⊙/∆m
2
ATM , and B = 1 for all m1,2,3 > 0;
(ii) A = ±1 and B = c212 for m1 < 0 and m2,3 > 0; and
(iii) A = ∓1 and B = s212 for m1,3 > 0 but m2 < 0;
where, the upper (lower) signs corresponds to normal (in-
verted) hierarchy. Notice that second and third cases
predict | sin θ13| ≈ 5× 10−4(m3/0.4 eV )2, which is larger
than case (i) prediction by a factor of about 33, whereas
in all cases | sinα| ≈ B · 10−3(m3/0.4 eV )2, and so, it
comes about the same order.
Finally, (iv), for m3 > 0 and m1,2 < 0 one obtains
sin θ13 ≈ −
∆m2⊙ sin 2θ12
16m23
∆I ,
sinα ≈ ∓∆m
2
ATM
8m23
∆I , (13)
which indicate that smaller values respect to other cases
would be expected. Notice that the inverse squared m3
mass dependence is only valid in the almost degener-
ate limit we are considering. For the hierarchical case
former formulas become sin θ13 ≈ sinα ∼ −∆I/2 for
normal hierarchy, whereas sinα ≈ ∆I/2 and sin θ13 ∼
m∆m2⊙/(∆m
2
ATM )
3/2 for inverted hierarchy.
From above results, it is clear that θATM should be on
the first (second) octant for normal (inverted) hierarchy,
whereas experimental determination of the sign of θ13
would discriminate cases (i) and (ii) from other ones. A
measurement of | sinα| would finally resolve the scenario.
To get the whole picture of the parameter region that
experiments should reach to test the present model, we
present in Fig. 2 the two sigma regions for our predicted
values of | sin θ13| and | sinα| for cases (i) to (iii). Re-
sults from case (iv) are simply out of range. Plot points
were obtained from a direct numerical calculation using
Eqs. (10) and (11) for m3 < 0.4 eV. Absolute values are
used to depict all results together. Notice that hierarchy
makes a clear difference for low m3 values in case (i) for
which the upper band on the lower left corresponds to
normal hierarchy. Differences also exist on other cases
for small m3, although they are less evident.
10-5 10-4 10-3|sin α|
10-7
10-6
10-5
10-4
|sin
 θ 1
3|
(iii)
(ii)
(i)
m3
FIG. 2: Two sigma regions for | sin θ13| and | sinα| predicted
from the soft µ↔ τ model, for both normal and inverted hi-
erarchies. Results correspond to cases (i) to (iii) as discussed
in the text, for m3 < 0.4 eV running from small to larges
values, as indicated.
From the figure, we notice that predicted values are
rather small, as we expected. Both sin θ13 and sinα are
below 10−3, which is clearly far below the expected sensi-
tivity of the near future forthcoming experiments. Thus
we would have to wait for a distant future experiment to
test the depicted parameter zone to get a positive signal
for the model. Nevertheless, if experiments determine
values out of these regions, which could happen in the
near future, that would be a clear indication that, either,
(a) new physics beyond the standard model is involved
in the breaking of µ ↔ τ , and the generation of the δM
corrections, or (b) µ ↔ τ is not a good symmetry to
guide model building. The symmetry seems so natural
that, from our point of view, it would be more likely that
the first option would be the correct one in such a case.
IV. LEPTON FLAVOR VIOLATION
PROCESSES
Before closing our discussion it is worth mentioning an-
other direct implication of our model for lepton physics.
Since the breaking effects of µ↔ τ symmetry are rather
small, lepton number violation processes would be ruled
in a good approximation by this symmetry. Besides,
due to the lack of beyond standard model physics in our
model, only W exchanged diagrams would contribute to
such processes, and because they are proportional to neu-
trino squared masses and mixings, they are predicted to
be extremely small. This provides another clear way to
determine the existence of new physics if any observable
effect associated to lepton flavor violating processes is
detected in near future experiments.
In particular, the decay ratios for µ→ eγ and τ → eγ
at one loop order would be [13]
Γ(ℓ→ eγ) ≈ α
4π4
G2F sin
2 2θ⊙(∆m
2
⊙)
2mℓ , (14)
for ℓ = µ, τ and α = e2/4π. Therefore one gets the
5relation Γ(µ → eγ)/Γ(τ → eγ) ≈ mµ/mτ ≈ 0.06, which
means B(µ→ eγ)/B(τ → eγ) ≈ mµΓµ/mτΓτ ∼ 8 · 10−8
for the corresponding branching ratios.
Notice that the overall factorG2F (∆m
2
⊙)
2 is already too
small to provide any visible effect within the reach of cur-
rent and near future experimental sensitivities. Indeed,
a straightforward calculation for the branching ratio, say
for instance for µ→ eγ, gives
B(µ→ eγ) ≈ 48α
π
sin2 2θ⊙
(∆m2⊙)
2
m4µ
, (15)
which is about 5 · 10−41. Tau decay into muon-gamma,
on the other hand, has the rate
Γ(τ → µγ) ≈ (∆m
2
ATM )
2
sin2 2θ⊙(∆m2⊙)
2
· Γ(τ → eγ) . (16)
Thus, the branching ratio for τ → µγ, although enhanced
by a factor of thousand respect to that for τ → eγ, yet
remains far from reachable too.
In comparison, µ → eee and τ → eee decays are ex-
pected to be yet more suppressed [13]. Simple γ → ee
insertion on previous processes will amount to an extra
suppression factor of order α over above results, without
altering the relation amoung the decay rates. Thus one
would also get Γ(µ→ eee)/Γ(τ → eee) ≈ mµ/mτ .
V. CONCLUDING REMARKS
Summarizing, we have presented the minimal see-saw
model that realizes µ ↔ τ symmetry at tree level in all
Lagrangian terms, but for the muon and tau mass dif-
ference, which in the absence of any extra new physics,
becomes the only breaking source for the symmetry. The
model predicts, through quantum corrections, small val-
ues for θ13 and for the deviation of θATM from maximal,
which, on the absence of CP violation, only depend on
neutrino mass hierarchy. We also notice that lepton fla-
vor violation processes are controlled by the µ↔ τ sym-
metry. However, the main contributions to such precesses
come out to be suppressed by a factor of (GF∆m
2
⊙)
2,
which make them too small to be reachable by any near
future experiment. We stress that even though above
results are difficult to be tested in any forthcoming ex-
periment, they may have a positive outcome: since we
are working in the minimal model that extends the stan-
dard model to include neutrino physics parameters, our
numerical findings provide a clean point of comparison
with the experiment, such as to claim that any positive
experimental signal for, either, a non zero θ13 or α mix-
ing, or for any of the described lepton flavor violation
processes, would be a clear indication for the existence
of new physics, beyond the present setup.
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